A new control chart, namely modified EWMA control chart, for monitoring the process variance is introduced in this work by following the recommendations of Khan et al. 15 . The proposed control chart deduces the existing charts to be its special cases. The necessary coefficients, which are required for the construction of modified EWMA chart, are determined for various choices of sample sizes and smoothing constants. The performance of the proposed modified EWMA is evaluated in terms of its run length (RL) characteristics such as average RL (ARL) and standard deviation of RL (SDRL). The efficiency of the modified EWMA chart is investigated and compared study with some existing control charts. The comparison reveals the superiority of proposal as compared to others control charts in terms of early detection of shift in process variation. The application of the proposal is also demonstrated using a real life dataset.
Introduction
Control chart is an important tool of statistical process control (SPC) for monitoring the process deviation and improving the quality of the target variable (see, Montgomery 1 ). Two types of control charts i.e., variable and attribute are commonly used in the literature of the control chart.
Variable control charts are used for the numeric characteristics of the interested quality as the height, weight or temperature while the attribute control charts are developed for the non-numeric characteristics of the interested quality as the good/defective items, satisfied/not-satisfied or the small/medium/large items. The variable quality characteristics provide more information about the process as compared to the attribute 2 . Location charts are developed for monitoring of the process average while the dispersion charts are applied for monitoring the process variation. Dispersion charts are considered the speedy chart for the process variation monitoring. The study of the dispersion chart is also important as it is common assumption of the Shewhart average chart to assume that the process standard deviation rests constant (see, Acosta-Mejia et al. 3 ). The dispersion charts have been explored by many quality control researchers including Lowery et al. 4 .
Exponentially weighted moving average (EWMA) charts was introduced by Roberts 5 and originally, it was developed for normally distributed data, but today the method has found widespread usage for online monitoring of analytical processes (Abbasi 6 ), industrial production processes (Lucas and Saccucci 7 ), public health surveillance (Woodall 8 ) , and other procedures, where the outcomes of the event are obtained sequentially, but not necessarily coming from a normal distribution. An EWMA chart dominates the Shewhart chart in detecting small to moderate shifts in terms of statistical performance. The general form for the two-sided EWMA chart is given in many textbooks, including Montgomery 1 . The EWMA statistic is the exponentially weighted average of the previous as well as the current observations. The typical weight parameter λ (ranging from0 to 1), also known as a smoothing parameter, performs well for small values (between 0.05 and 0.25) for monitoring the production processes 1 . A lot of work has been done in the literature on designing and studying the performance of EWMA control charts including [9] [10] [11] .
The researchers are continuously endeavoring to develop a robust technique for the early detection of the shifted process so that the losses incurred by the manufactured process be avoided. Gan 12 developed the modified EWMA control chart for the monitoring of the binomial counts.
Later, Gan 13 introduced three modified EWMA statistics for detecting smaller shifts in the process for which the Shewhart chart is less effective. Patel and Divecha 14 proposed a modified EWMA chart for monitoring the process mean when small and abrupt shifts occur in the process. Recently, in order to increase the fast detecting ability of the EWMA statistic, a modified EWMA statistic was introduced by Khan et al. 15 . Unlike the conventional EWMA statistic a second parameter k is introduced in it for quick detection of the small process shifts. It has been observed that the modified EWMA statistic is capable of detecting overall mean shift as compared to the traditional EWMA statistic. Latterly, Schmid 16 proposed modified EWMA control chart for the monitoring the time series data. Other work on the development of EWMA control charts based on modified EWMA statistics includes Aslam et al. 17 , Khan et al. 18 , Herdiani et al. 19 , Zhang et al. 20 , Lampereia et al. 21 , etc. All these articles concluded that the modified EWMA control chart is more capable of detecting early shift in process parameter under study as compared to the traditional EWMA control chart. Therefore, this article proposes a EWMA control chart using modified EWMA statistic for efficient monitoring of process variation.
The rest of the paper is organized as follow: design of the proposed chart is developed in Section 2. In Section 3, the performance of the proposed chart is given. In Section 4, the designing for the estimation of parameters of the modified EWMA chart is explained. In Section 5, the designing of the out-of-control performance of the proposed chart and its comparison is elaborated.
The application of the proposed chart is demonstrated in Section 6. Finally, the conclusions and the future recommendations are given in the Section 7.
Design of the Proposed Chart
It is assumed that the quality of interest " ( ≥ 1) follows the normal distribution with mean and variance * . Our interest is only to detect any change in the process dispersion , * = , Based on this assumption, we propose a control chart using Modified EWMA statistic for monitoring the process variation.
Let a random sample "> , "* , … , "K of size n is randomly drawn at time (or subgroup) t and measure , . The modified EWMA statistic, denoted by M " , having a smoothing constant λ at time t can be defined as: of λ, but in this study the optimal choice for k is k = −λ/2, which is derived by Khan et al. 15 . Further note that, when k=0, the modified EWMA statistics reduces to Crowder and Hamilton 23 EWMA statistic and at k =1, it reduces to Patel and Divecha 14 first order auto-correlated EWNMA statistic.
After successive substitution, statistic M , defined in equation (1) can be rewritten as:
The mean and variance of modified EWMA statistic are given as follows 
To detect an increase in process variance, the EWMA statistic Q " = max (M " , 0) signals an out of control if Q " is greater than
where e can be determined for fixed value of n and to achieve a desired . .
Similarly, a decrease in process variance signals an out of control if
where e i is control charting constant and can be determined for fixed value of n to achieve a desired . . (3) and (4) are called one sided control limits of the modified EWMA statistic. However, the two sided control limits for modified EWMA chart can be determine using both statistics Q i " and Q " . In the rest of this article, we will consider a two sided modified EWMA control chart.
The limits defined in equations
The two sided control limits for the modified EWMA are defined as
where = e = e i is control chart coefficient need to be determined for a fixed value of n, λ, k and desire in-control . .The proposed modified EWMA chart is based on two constants λ and . The proposed chart is the extension of the existing control charts. The proposed control chart reduces to control chart proposed by Crowder and Hamilton 23 when = 0.
The proposed modified EWMA control chart will signal if UCL < M , < , otherwise the process is declared to be work under in-control scenario. The probability of signal can be find as:
Prob. of signal = Pr( < , < | , * ) (7)
The Performance Evaluation
The average run length (ARL), which is the mean of RL distribution, is the most important and widely used measure to evaluate the performance of control charts. The ARL is defined as the average number of subgroups until an out-of-control signal is raised. In case, the process is in control, the ARL should be sufficiently large to avoid too many false alarms while for the out-ofcontrol process; the ARL should be sufficiently small for rapid detection of shift.
and
The accurate measure of ARL has been thoroughly discussed by Hussain et al. 24 . ARL for the EWMA chart have been discussed by Chananet et al. 25 and Li et al. 26 The equation (8) and (9) can be solved easily if the probability density function of modified EWMA statistic , is known. The exact distribution of modified EWMA statistic defined in equation (1) is more explicit and up to our best knowledge is not available in the literature.
Therefore, the run length characteristic of the proposed control chart can be investigated through Monte Carlo simulation method. For this purpose, the following algorithm in R package is developed and run length characteristic are obtained for various choices of parameters.
Algorithms
The following algorithms has been used in R to find the results of this study.
Algorithm 1: Determination of control charting constant (L)
Step 1. Sample of size n is drawn from Normal distribution (0, 1), without loss of generality, and
Step 2. Using the value of X obtained in step 1, modified EWMA statistic Mt is calculated for a specified value of λ and k. This process is repeated up to 10,000 times and at the end of this step we have 10,000 modified EWMA statistic's.
Step 3. The control charting constant L is determined to satisfying the in-control condition of Pr( < , < ) = .
Step 4. The above steps 1 to 3 are repeated 1,000 times and at the end of this step we have 1000
L values for specific choice of n, λ and k.
Step 5. Finally, the average value of L is chosen for further analysis.
Algorithm 2: Determination of run length characteristics
Step 1. Control limits of the modified EWMA chart are constructed using the charting constant determined in above algorithm for specific choice of n, λ and k.
Step2. Sample of size n is drawn from Normal distribution (0, > * ), and X = ln( X * > * ⁄ ) is calculated.
Step 3. Using the value of X obtained in step 2, modified EWMA statistic Mt is calculated.
Step 4. The probability of signal using the equation (7) and run length using the equation (9) are calculated.
Step 4. The above steps 1 to 4 are repeated 10,000 times and at the end of this step we have 10,000 average run length values.
Step 5. Finally, the average and standard deviation of 10,000 average run length values. These ARL and SDRL are used
Designing for the estimation of parameters of the modified EWMA chart
The traditional design procedure for selecting the parameters of EWMA charts based on only the average run length (ARL) may lead to high probability of false out-of-control signal for some types of EWMA charts as discussed by Chan and Zhang 27 . They also recommended the procedure for selecting the parameters based on the average run length and standard deviation of the run length (SDRL) with the constraint that ≤ when the process is in-control and out-of-control.
Using the algorithm 1, a Monte Carlo simulation approach with 10,000 iterations is used to approximate the RL distribution of the proposed modified EWMA chart. Note that Kim 28 and Schaffer and Kim 29 indicated that 5,000 replications are sufficient to estimate the ARL to an acceptable level of precision in many control chart settings. The zero-state or initial-state ARL's are computed in this study. The control charting constant is determined in such a way that the two one-sided charts produces equal individual . so that the overall . of the two-sided chart is approximately equal to 200. The values of L, for a fixed value of n, λ, k and . = 200, are given in Table 1 . c. increase in smoothing weight increase the value of L for a fixed k and n except the value of k = 1.
Out-of-control Performance
Suppose that the process goes out-of-control with respect to variance and > * = . . * be the new process variance with time change in . * . Under the assumption that the data follows a Normal distribution with mean 0 (without loss of generality) and variance > * , the probability of signal given in (7) can be redefined as;
where ' ' (. ) be the cumulative density function of M " .
The exact probability density function of modified M " is explicitly complicated and is not available in close form. Therefore, again we have used simulation procedure to determine the empirical CDF of M " . The above algorithm 2 is used and ‹OE, determined for various choices of n, k, λ and . control chart for the sample of size 5 and 10, the smoothing constant λ=0.05 and 0.10 and control constant k = 0, − 2 ⁄ and 1 are given for different shift levels 0.50 to 2.00. It can be observed from these tables that SDRL is always smaller than ARL for all the process settings. A control chart scheme is considered as a better one if it has smaller ARL values, so the proposed chart is studied at different choice of k to identify the suitable value of k . The comparative efficiency of the proposed chart has also been shown on the graph. It can be seen in the Figures 1 through 3 . The proposed chart shows better efficiency in early detecting the outof-control process for all process settings at different shift levels. for n =5 when process variance increases. (b) = .
for n =10 when process variance decreases. for up and down shifts in variance.
Comparison with other EWMA charts
Further, the efficiency of the proposed modified EWMA variance chart is compared with the recently proposed charts by Huwang et al. 30 and Zou and Tsung 31 . Fixing the in-control average run length of two charts, the out-of-control average run length is measured for both charts at various values of as efficiency measure. The results of out-of-control ARL are provided here in table 6 and table 7 for . . However, the results can be determined for any other value. Table 6 and Table 7 reveals that the proposed modified EWMA variance chart perform better than the charts of Huwang et al. 30 and Zou and Tsung 31 . The efficiency of the proposed chart in terms of producing smaller values of out-of-control ARL increases with the increase in sample size. The proposed chart is better than Huwang et al. 30 control chart for small shift in the process which is desirable in the industry. 
Illustrative Example
The application of the proposed modified EWMA chart is investigated in this section using a real dataset given by Jones-Farmer et al. 32 . The data consist of patients waiting time (in minutes) for a colonoscopy procedure. Jones-Farmer et al. 32 shown that the process is in-control with respect to dispersion parameter. In order to highlight the ability of the modified EWMA structure to detect changes in the process dispersion parameter, we have introduced contaminations in the original data by multiplying the last 6 observations by 3 similar to Abbasi and Miller 33 whereas the proposed modified EWMA chart detects all the six problem points. Hence, it is concluded that the modified EWMA chart is more efficient than the CH EWMA chart to detect shift in dispersion more quickly.
Conclusions and Recommendations
In this article, a modified EWMA control chart is proposed for efficient monitoring of the process dispersion following the work of Khan et al. 15 . The control charting constant L, which is necessarily required for the construction of the proposed control chart, is determined using Monte Carlo simulation. The performance of the proposed modified EWMA control chart is measured in terms of run length characteristics such as ARL and SDRL for several process dispersion level settings using simulation. Tables of the ARL and the SDRL are generated for different shifts levels, different smoothing constant values and for different control constant values. The proposed control chart has been compared with two existing charts. It has been observed that the proposed chart is efficient in quick detection of the out-of-control process as compared to existing control charts for monitoring process dispersion. These results are very helpful for the practitioners and researchers for monitoring the process dispersion. Further work along the direction to develop modified EWMA control charts for the monitoring multivariate process dispersion and attribute process can be done and authors are currently working on this.
